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In this paper, we present new Poisson-type deviation inequalities for continuous-time Markov 
chains whose Wasserstein curvature or F-curvature is bounded below. Although these two cur- 
vatures are equivalent for Brownian motion on Riemannian manifolds, they are not comparable 
in discrete settings and yield different deviation bounds. In the case of birth-death processes, 
we provide some conditions on the transition rates of the associated generator for such curva- 
tures to be bounded below and we extend the deviation inequalities established [Ane, C. and 
Ledoux, M. On logarithmic Sobolev inequalities for continuous time random walks on graphs. 
Probab. Theory Related Fields 116 (2000) 573-602] for continuous-time random walks, seen as 
models in null curvature. Some applications of these tail estimates are given for Brownian-driven 
Ornstein-Uhlenbeck processes and M/M/l queues. 
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1. Introduction 

Let \i be a probability measure on a metric space (E, d) and let h : R + — » M + be a function 
tending to at infinity. The measure \i is said to satisfy a deviation inequality of speed 
h if, for any real Lipschitz function / on (E,d) with Lipschitz constant smaller than 1, 
the following inequality holds: 

Kf-Kf)>y)<Hy), y>0, 

where fi(f) = J/d/^. Applying the above inequality to — / also leads to a concentration 
inequality stating that any Lipschitz map is concentrated around its mean under fi with 
high probability. In particular, the concentration is Gaussian if h is of order exp(— y 2 ), 
whereas it is of Poisson type if h is of order exp(— y \og(y)) for large y. 

Actually, the concentration-of-measurc phenomenon is useful for determining the rate 
of convergence of functionals involving a large number of random variables. In recent 
years, this area has been extensively investigated in the context of dependent random 
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variables such as Markov chains. For instance, Gaussian concentration was considered by 
Marton [11] and Djellout et al. [6] by means of transportation cost inequalities, whereas 
Ane and Ledoux [1], Samson [12] and Houdre and Tetali [9] established some appropriate 
functional inequalities to derive Gaussian and Poisson-type deviation inequalities. 

The purpose of the present paper is to give new deviation inequalities of Poisson type 
for continuous-time Markov chains, which extend the tail estimates of Ane and Ledoux 
[1]. Our approach is based on semigroup analysis and uses the notion of curvature for 
Markov processes on general metric measure spaces recently investigated by Sturm and 
Von Renesse [14]. Although the various Brownian curvatures on a smooth Riemannian 
manifold are essentially equivalent and characterize the uniform lower bounds on the 
Ricci curvature of the manifold, such an equivalence does not hold for continuous-time 
Markov chains since in general, discrete gradients do not satisfy the chain rule formula. 
Thus it is natural to study the role played by each type of curvature in the concentration- 
of- measure phenomenon. 

The paper is organized as follows. In Section 2, two different notions of curvature of 
continuous-time Markov chains are introduced: Wasscrstcin curvature and r-curvaturc. 
Section 3 is concerned with the main results of the paper. Namely, a Poisson-type devi- 
ation inequality is established in Theorem 3.1 for continuous-time Markov chains with 
bounded angle bracket, provided the Wasserstein curvature of the process is bounded 
below. Under the hypothesis of a lower bound on the T-curvature, a general estimate 
is derived in Theorem 3.4 and with further assumptions on the chain, the latter upper 
bound is computed to yield Poisson tail probabilities for processes with non-necessarily 
bounded angle bracket. The case of birth-death processes on N or {0,1,..., n} is in- 
vestigated in Section 4, where we give some conditions on the transition rates of the 
associated generator for such curvatures to be bounded below. As a corollary of the tail 
estimates emphasized above, we extend to birth-death processes the deviation inequal- 
ities established by Ane and Ledoux [1] for continuous-time random walks on graphs, 
seen as models in null curvature. Finally, some applications of these tail estimates are 
given to Brownian-driven Ornstein-Uhlenbeck processes and M/M/l queues. 



2. Notation and preliminaries on curvatures 

Throughout this paper, E is a countable set endowed with a metric d which differs 
from the trivial one g(x,y) = l x ^ y , x,y € E, J?(E) is the collection of all real-valued 
functions on E, 88(E) C &(E) is the subspace of bounded functions on E equipped with 
the supremum norm ||/||oo = su P x e_E l/( x )l an d the space \Ap d (E) consists of Lipschitz 
function f on E with Lipschitz seminorm 

, m , \m-m\ , , 

ll/llLi - : : ul ; ,/:,■.,/; • x 

On a filtered probability space (fi, J 5 ", (J?~ t ) t >o,IP), let (X t )t>o be an E- valued regular 
non-explosive continuous-time Markov chain, where regularity is understood in the sense 
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of Chen [5]. The generator C of the chain is given for any / £ 33(E) by 

= x£E, 

y£E 

where the transition rates {Q{x,y)) x ^ y are non-negative. Let (Pt)t>o be the associated 
semigroup which acts on the elements of 38 (IS) as follows: 

P t f(x):=E x [f(X t )] = J2f(y)Pt&y), x£E. 

y£E 

Denote by &\ (E) the space of probability measures fionE such that J2 y eE d{Vi z )^{y) < 
+00 for some z £ E. If the Markov kernel Pt(x, ■) £ S?\(E) for some x £ E, then the 
semigroup (Pt)t>o is also well defined on the space Lip d (E). 

If there exists a constant V > such that || J2 yeE d(- ,y) 2 Q(- ,y)\\oc < V 2 , we say that 
the angle bracket of the process (X t )t>o is bounded by V 2 . Moreover, the jumps of 
(X t )t>o are said to be bounded by a positive constant b > if sup t>0 d(X t - , X t ) < b. 

Let us introduce the notion of curved Markov chains in the Wasserstein sense. 



Definition 2.1. Assume that the Markov kernel Pt(x, •) £ 3^\(E) for some x £ E. The 
d-Wasserstein curvature at time t > of the continuous-time Markov chain (X t )t>o is 
defined by 



1 



I Pi /II Li,. 



K t := SU p jlog ^j^ j:f£ U Pd (E)J + const j £ [-00, +00). 

It is said to be bounded below by K £ K i/inf t> o K t > K . In other words, for any Lipschitz 
function f £ Lip d (E) and any t>0, 



\Ptf\\u Pd <e- Kt \\f\\u 



(2.1) 



Remark 2.2. Given n,v £ £Pi(E), define the d- Wasserstein distance between /i and v 
by 

Wd{n,v) :=inf Y] d(x,y)-ir(x,y), 

IT * » 

x,y£E 

where the infimum runs over all it £ S?\(E x E) with marginals \x and v. By the 
Kantorovich-Rubinstcin duality theorem (cf. Chen [5], Theorem 5.10), the d- Wasserstein 
distance can be rewritten as 



Wd(p.,v) =sup^ 



Y,f(x)(»(x)-v(x)) 



xGE 



■Wfhip <i 



Hence, the following assertions are equivalent: 
(i) inft> K t >K; 
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(ii) W d (Pt{x,-),P t {y 7 -)) <e Kt d(x, y), for any x, y G E and any t > 0. 

Note that assertion (ii) characterizes the lower bounds on the d-Wasserstein curvature 
in terms of contraction properties of the semigroup in the metric Wd, which induces a 
coupling approach. Such an inequality was introduced by Marton [11], with the trivial 
metric g, and also by Djellout et al. [6] through condition (CI), to establish transportation 
and Gaussian concentration inequalities for weakly dependent sequences. 

In order to introduce the "carre du champ" operator, we follow Bakry [2] and assume 
the existence of an algebra, say A., which contains the bounded functions and is stable 
under the action of C, Pt and by composition with the C°° -functions. The "carre du 
champ" operator T is defined on A x A by 

T(f,g)(x) := \{C{fg){x)-f{x)Cg{x)-g{x)Cf(x)) 

= i E (/(v) - f( x ))(a(y) - g{x))Q{x,y). 

y€E 

We set r/ = r(/, /) and introduce the notion of curved Markov chains in the T-sense. 

Definition 2.3. The T -curvature at time t > of the continuous-time Markov chain 
(X t ) t > is defined by 

:f G A, f 7^ const | G [— oo, +oo). 

It is said to be bounded below by p G R if inf t> o pt > P- In other words, for any f G A, 
any x G E and any t > 0, 

(TPjy/^x) < e-tPtpf) 1 '^). (2.2) 

Remark 2-4- Such an inequality is the discrete analogue of the commutation relation 
between local gradient and heat kernel on Ricmannian manifolds with Ricci curvature 
bounded below; see Bakry and Emery [3]. 

As mentioned in the Introduction, the two curvatures are equivalent in the continuous 
setting of Brownian motions on Ricmannian manifolds (cf. Sturm and Von Rcncsse [14]). 
This equivalence does not hold for discrete spaces since in general, the discrete gradients 
do not satisfy the chain rule formula and the curvatures defined above are not comparable. 
However, we point out that the semigroup appears in both sides of the inequality (2.2), 
whereas it is dropped in the right-hand side of inequality (2.1). Hence, we deduce that the 
assumption (2.2) is stronger than (2.1) in some sense, and we expect to obtain stronger 
deviation results when dealing with T-curvature. 

To complete the preliminaries, let us make some comments on the deviation inequalities 
we will establish in the remainder of this paper. 



Pt ■= ~ j sup | log 



(TPtf) 



1/2 



P t (T/)V2 
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1) Our estimates are given for the distribution of X t given Xq = x, uniformly in 
x € E and for any t > 0. Hence, without risk of confusion, the ranges of validity 
of the parameters x and t will not be mentioned in our results. 

2) In order to ease notation, our results are given with the function u i— > u log( 1 + u)/2 
in the upper bounds. However, sharper estimates are also available when replacing 
this function by u h- > (1 + u) log(l + u) — u, u > 0. 

3. Deviation bounds for curved continuous- time 
Markov chains 

In this section, we present Poisson-type deviation estimates under the assumption of a 
lower bound on the curvatures of the continuous-time Markov chain (X t )t>o- Let us start 
with d-Wasserstein curvature. 

Theorem 3.1. Assume that the jumps and the angle bracket of {X t ) t >o are bounded 
by b > and V 2 > 0, respectively. Suppose, moreover, that its d-Wasserstein curvature 
is bounded below by K g R. Let f G Lip d (E) and define Ct.K '■— su Po< s <t e~ K ^ l ~ s ^ and 
M t . K := (1 - c~ 2Kt )/{2K) (M t ,K = t if K = 0). Then, for any y > 0, ~ 

F x (f(X t )-E x [f(X t )]>y) 

~ (" 26C,^/|| L1Pd bg (! + M^k£) ) ' (3 ' 1} 

Proof. First assume that the Lipschitz function / is bounded. The process (i>/)o<s<t 
given by Z( := P t - s f(X s ) — P t /(Xo) is then a real -martingale with respect to the 
truncated filtration (^ r s )o<s<t and we have, by Ito's formula, 




)(dr), 



where (N Zty ) Ziy( zE is a family of independent Poisson processes on M + with respective 
intensity a z<y (dt) = Q(z,y) dt. Since the d-Wasscrstein curvature is bounded below, the 
jumps of (Z/)o< s <t are bounded: 

\Zi - Z{_\ = \Pt- s f(X s ) - P t - s f(X s _)\ 
<d(X a ,X s .)\\f\\ Ct.K 
<b\\f\\u Pd C t ,K- 
Moreover, the angle bracket is also bounded: 

(Zf,Zf) s = J] l\Pt- T f{y)-Pt-rf(z)fl { X T -= z} 0-z,y(&T) 
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c 



-2K 



^d(z,y) 2 l {XT _ z} Q(z,y)dr 



< \\f\\l ip M t , K V 2 . 



By Kallenberg [10], Lemma 23.19, for any positive A, the process (K s )o<s<t given by 



is a P x -supermartingale with respect to (J£" s )o< s <t , where ip(z) = z 2 (e z — z — 1), z > 0. 
Thus we get, for any A > 0, 



Using Chebyshev's inequality and optimizing in A > in the exponential estimate above, 
the deviation inequality (3.1) is then established in the bounded case. Finally, the bound- 



Remark 3.2. If K = 0, then the estimate in Theorem 3.1 is similar to the deviation 
inequalities established by Houdrc [8] and Schmuckenschlager [13] for infinitely divisible 
distributions with compactly supported Levy measure. If K < 0, the decay in (3.1) is 
slower, due to some exponential factors, whereas if K > 0, the chain is ergodic (cf. Chen 
[5], Theorem 5.23), and such an estimate can be extended, as t goes to infinity, to the 
stationary distribution, as illustrated in Section 4. On the other hand, the sign of K has 
no influence in small time on (3.1). 

Note that Theorem 3.1 does not allow us to consider continuous-time Markov chains 
with unbounded angle bracket. To overcome this difficulty, we must impose some as- 
sumptions on a different curvature of the process, namely F-curvature. 

Our present purpose is to adapt to the Markovian case the covariance method of Houdrc 
[8] in order to derive deviation inequalities for curved continuous-time Markov chains in 
the F-scnsc. Although Wasscrstcin curvature and T-curvature are not comparable in 
discrete spaces, the results we give now are more general than in Theorem 3.1. 

Before turning to Theorem 3.4 below, let us establish the following. 

Lemma 3.3. Assume that (X t )t>o has T -curvature bounded below i)i/p£l. Let (71,(72 € 
3§{E) with ||r<7i||oo < +00 and define L t , p = (1 — e~ 2pt )/(2p) ifp=/=0 andL tiP = t other- 



Fi A ) :=exp{\Z£ - \ 2 4i\b\\f\\ Upd C t , K )(Zf,Zt) s } 



E x [exp{\(f(X t ) -E x [f(X t )})}} 
= E x [e xz t] 

<exp{A 2 ||/||2 iPd M t ^^ 2 ^(A6||/|| Li p ti C t , A -)}IE 2; K (A) ] 
<exp{A 2 ||/|| 2 M t , K V 2 ^(Xb\\f\\ LiPd C t . K )} 




(e Xb M^ c ^< - Xb\\f\\u Pd C t , K -l)^ 



edness assumption on / is removed by a classical argument. 



□ 
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wise. We then have the covariance inequality 

Cov x [ gi (X t ),g 2 (X t )} < 2L t J\Tg 1 \\)l 2 E x [{Tg 2 ) 1 / 2 (X t )]. 

Proof. As in the proof of Theorem 3.1, we have, for i = 1, 2, 

g t (X t )-E x [g l (X t )} = ]T f {Pt- s g l (y)-Pt- s g l {z))\ { x 3 -= z }{N z , y ~c> z ,y){d s ). 

By the Cauchy-Schwarz inequality, 

Cov x \g 1 (X t ),g 2 (X t )}=2 f P s (T(P t _ sgi ,P t _ s g 2 ))(x)ds 

Jo 

< 2 [ PsdTPt^g^iTP^g^Wds 



<2 f C M-Mt-s)}P s {Pt-s{Tgi) 1/2 Pt-s{Tg2) 1/2 ){x)&s 1 
Jo 



where, in the latter inequality, we used the assumption of a lower bound p on the In- 
curvature. Since (Pt)t>o is a contraction operator on SS(E\ we have 

Cov x [ gi (X t ),g 2 (X t )} <2||r gi ||^ 2 f cxp{-2p(t - S )}P s (P f . s (Tg 2 )^ 2 )(x)ds 

Jo 

= 2L t jTg x \\^E x [{Tg 2 )^{X t )]. 
The proof is complete. □ 

We are now able to state Theorem 3.4, which presents a general deviation bound for 
curved continuous-time Markov chains in the T-sense. 

Theorem 3.4. Assume that (X t )t>o has T '-curvature bounded below by pSi. Let f £ 
Anhip d (E) with ||r/||oo < +oo and define the function ipfj '■ K+ — > R+ U {oo} by 



1/2 

^ f , t {\):=V2L t . p \\Tf\\^ 2 

yEE 



S^rtt \ NN2/exp{A||/|| L ip d rf(-,y)} - 1\ 2 „, . 



where Lt, p is defined in Lemma 3.3. Letting M f.t := sup{A > : ipf,t(^) < +00} , we have 

F x (f(X t )-E x [f(X t )}>y)<exp inf / ty /ft ( r ) - y) dr, y > 0. (3.2) 

Remark 3.5. Note that ipf yt is bijcctive from (0,M/ it ) to (0,+oo), so the term in the 
exponential is negative and inequality (3.2) makes sense. 
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Proof. Using a standard argument, we can reduce the problem to establishing the result 
for / bounded Lipschitz. Applying the covariance inequality of Lemma 3.3 with the 
functions 9l (z) = f(z) - E x [f(X t )] and g 2 {z) = exp{A(/(z) - E x [f(X t )})}, z g E, A € 
(0, Mfj), we have 

E x [(f(X t )-E x [f(X t )})exp{X(f(X t )-E x [f(X t )})}} 

<2L t , p ||r/||V2 cxp{ _ AEiE [ /( x t )]}E :c [(re A 1/2 (^)] 



<V2L t jTf\\^ 2 E x 



exp{X(f(X t )-E x [f(X t )})} 



x J2 (cxp{A|/(y)-/(z)|}-l) 2 l { x t =,}Q(^2/) 

\y,z£E / 

<^ f , t (X)E x [exp{X(f(X t )-E x [f(X t )})}}. 

Letting Hf t x (X) :=E x [cxp{X(f(X t ) —E x [f(X t )])}}, the latter inequality can be rewrit- 
ten as Hf t X (X) < ij)fj{X)Hf,t. x {X), from which follows the bound 

E x [exp{X(f(X t ) -E x [f(X t )])}}=H u , x (X) < exp |7 ^/,t(r)dr|, Xe(0,M u ). 
Finally, using Chebyshev's inequality, Theorem 3.4 is established. □ 

Since the estimate (3.2) is very general, let us make further assumptions on the process 
(X t )t>o hi order to get Poisson-type deviation inequalities. Denote in the sequel L ti(9 = 
(1 — e~ 2pt )/ (2p) if p ^ and L t p = t otherwise. Using the notation of Theorem 3.4, wc 
have the following. 

Corollary 3.6. Under the hypothesis of Theorem 3.4, suppose further that the jumps of 
(X t )t>o are bounded by b > 0. Then, for any y > 0, 

F x (f(X t )-E x [f(X t )]>y)<exp(- — logfl ' y&ll/l|Li ^ 



26||/|| LiPd "V zitjr/H, 

Proof. Under the notation of Theorem 3.4, the boundedness of the jumps implies Mf t = 
+oo, and ipfj is bounded by 

^(A)<2L tJ |r/|| M ^ { ^ l /; | ll ^ } - 1 , A>0. 

Using Theorem 3.4 and optimizing in A > 0, the proof is then achieved. □ 

Note that the latter deviation inequality is more general than (3.1) since the finitc- 
ness assumption on IjL/Hoo allows us to relax the boundedness assumption on the angle 
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bracket of the process (X t )t>o- Thus when the angle bracket is bounded, the next corol- 
lary exhibits an estimate comparable to that of Theorem 3.1. 

Corollary 3.7. Assume that the jumps and the angle bracket of (X t )t>o are bounded by 
b > and V 2 > 0, respectively. Suppose further that its T -curvature is bounded below by 
p£K. Letting f £ A fl Lip d (E), then for any y > 0, 

F x (f(X t )-E x [f(X t )]>y)<e X p(-— JJ logfl 1 



26||/||Li Pd *V L t , p V 2 \\f\\ UPd 

Proof. By the boundedness of the jumps and of the angle bracket, the function ijjfj in 
Theorem 3.4 is bounded by 



T/2imi exp{A6||/|| Li p } — 1 

i> f A x ) < L t,pV \\f \\Lip d r — , a>o. 

Finally, applying Theorem 3.4 yields the result. □ 



4. The case of birth— death processes 

In the paper of Ane and Ledoux [1], some deviation inequalities are established for 
continuous-time random walks on graphs. Such processes may be seen as models in null 
curvature since the transition rates of the associated generator do not depend on the 
space variable. Using the results of Section 3, the purpose of this section is to extend 
these tail estimates to birth-death processes whose curvatures are bounded below. 

Let (X t )t>Q be a regular non-explosive birth-death process with stationary distribu- 
tion 7r on the state space E — N or E = {0, 1, . . . ,n}, endowed with the classical metric 
d(x,y) = \x — y\, x,y £ E. Such a process is a continuous-time Markov chain with gener- 
ator defined on ^(E) by 

Cf(x)=X x (f(x + l)-f(x))+u x (f(x-l)-f(x)), xeE, (4.1) 

where the transition rates A and v are positive with as reflecting state, that is, isq = 
(if E = {0, 1, . . . , n}, the state n is also reflecting: A„ = 0), ensuring irreducibility. Denote 
by (Pt)t>o the homogeneous semigroup whose transition probabilities are given for any 
x e E by 

( X x t + o(t), if y = x + l, 

Pt(x,y) = < v x t + o(t), ify = x-l, 

[ 1- (\ x + u x )t + o(t), tfy = x, 

where the function o is such that o{t)/t converges to as t tends to 0. We assume in 
the remainder of the paper that the stationary distribution 7r £ ZP\ (E) . Then, by the 
contraction property of P< in i 1 (7r), the Markov kernel Pt(x,-) belongs to the space 
£?i(E) for any x £ E and the semigroup is well defined on the space Lip d (E). 
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In the case of birth-death processes, the "carre du champ" operator T is given on 
A = &(E) by 

Tf(x) = ±{\ x (f(x + 1) - f{x)f + v x {f{x - 1) - f(x)f} 7 xEE. 
4.1. Criteria for lower bounded curvatures 

Let us give some criteria on the generator of the process (X t )t>a which ensure that the 
different curvatures are bounded below. 

Proposition 4.1. Assume that there exists a real number K such that the transition 
rates A and v satisfy the inequality 

inf \ x ^i - \ x + v x - > K. (4.2) 

x£E\{0} 

Then the d-Wasserstein curvature of the process (X t )t>o is bounded below by K. 

Proof. Let us establish the result via a coupling argument. Consider (Xf )t>o and 
(Xj ){>0) two independent copies of the process (X t )t>a, starting from x and y, respec- 
tively. The generator C of the process {Xf ,X^) t >o is then given, for any / £ ,^(E x E), 

by ' 

Cf{z,w) = (£/(•, w))(z) + (£f(z, .))H, z,wtE. 

Since the transition rates of the generator satisfy (4.2), we immediately have the bound 
Cd(z, z+ 1) < — A', z £ E, which is equivalent to the inequality Cd{z, w) < —Kd(z, w) for 
any z,w£ E. Therefore, we obtain the estimate E[d(Xf , Xf)] < e~ Kt d(x,y), which, in 
turn, implies 

W d (P t (x,-),Pt(y,-))<e- Kt d(x,y). 

Finally, by the equivalent statements of Remark 2.2, the d-Wasscrstein curvature of 
(X t )t>o is bounded below by K. □ 

Remark 1^.2. If E = N and the transition rates of the generator are bounded and satisfy 
(4.2), then necessarily K < 0. 

In order to establish modified logarithmic Sobolev inequalities for continuous-time 
random walks on Z, Ane and Ledoux [1] used a suitable I^-calculus to give a criterion 
under which the T-curvature is bounded below by 0. Actually, this criterion can be 
generalized to any real lower bound on the T-curvature via Lemma 4.3 below. 

Define the operator T2 on ,^(E) by 

T 2 f(x) := |(£I7(z) - 2T(f,Cf)(x)), xeE. 

By adapting the proof of Ane and Ledoux [1] mentioned above, we obtain the following 
lemma. 
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Lemma 4.3. Assume that there exists pgR such that for any f G &(E), 

T 2 f{x)-T{Tf) 1 / 2 {x)>pTf{x), xeE. (4.3) 
Then the T-curvature of the process (X t )t>o is bounded below by p. 

Proposition 4.4. Assume that there exists some p>0 such that the transition rates X 
and v satisfy 

inf mm{A x -i - X x , v x+1 - v x } > p. (4.4) 

xeE\{0,su P E} 

Then the T-curvature of the process (X t )t>o is bounded below by p. 

Proof. By Lemma 4.3, the result holds true if the inequality (4.3) above is satisfied. Let 
us prove this inequality. 

Fix x&E and let a = f(x) - f(x + 1), b = f(x) -f(x-l),c= f(x + 2) - f(x + 1) and 
d = f(x - 2) - f(x - 1). We have 

2T 2 f(x) - 2T(Tf) 1 / 2 (x) = X x {v x+1 - u x )a 2 + v x {\ x _ x - X x )b 2 +I(x) + J(x), 

where 

I(x) := X x X x+1 ac + \ x iy x ab + X x (X x+ ic 2 + iy x+1 a 2 ) 1 ^ 2 (X x a 2 + v x b 2 ) x l 2 , 
J(x) := v x v x _ x bd + X x v x ab + v x {X x -\b 2 + v x -id 2 ) 1/2 {X x a 2 + v x b 2 ) 1/2 . 

Since the transition rates A and v satisfy (4.4), we get 

2r 2 /(z) - 2r(r/) 1 /2 (x ) > 2 P rf(x) + i{x) + j(x). 

By symmetry with the function J, it is sufficient to establish / > 0. We have 

I(x) > X x (X x+1 c 2 + v x+ ia 2 ) 1/2 (X x a 2 + v x b 2 ) 1/2 - X x X x+ i\ac\ - X x v x \ab\ 
= X x (h(x)-I 2 (x)), 

where 

h(x) := {X x+1 c 2 + v x+1 a 2 ) 1/2 (X x a 2 + v x b 2 ) 1/2 and I 2 {x) := X x+1 \ac\+ v x \ab\. 
Again using inequality (4.4), 
{h{x)f-{I 2 {x)f 

= X x+ i(X x - X x+ i)a 2 c 2 + v x (v x+ i - v x )a 2 b 2 + A^+ia 4 + X x+ \v x b 2 c 2 - 2v x X x+1 a 2 bc 
>v x X x+l {a 2 -6c) 2 >0. 

The proof is complete. □ 
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Remark 4-5- We note that the equivalence holds in Lemma 4.3. Indeed, if the In- 
curvature of the process (X t ) t > is bounded below by p, then for any / G &(E), the 
function a defined on [0, oo) by a(t) = e~ pt P t y/TJ — \fTP~tJ is non-negative with a(0) = 0. 
Hence, we have a'(0) > 0, which is the inequality (4.3). 

Moreover, we point out that if E = N and the transition rates of the generator satisfy 
(4.4), then necessarily p = 0. 

4.2. Applications 

The proofs of the following results are omitted since they are immediate applications 
of Theorem 3.1 (resp., Theorem 3.4), once the assumptions of Proposition 4.1 (resp., 
Proposition 4.4) are satisfied. Let us start with the case E = N. 

Corollary 4.6. Assume that the transition rates A and v are bounded on N and suppose 
that there exists K < such that mf^gm^o} A x -i — X x + v x — u x —i > K. If f € Lip^(N), 
then for any y > 0, 

p.c/w - > v) < «p(-^>o<> + m ^mJ } 

If K = 0, the latter inequality should be replaced by its limit as K — > 0. 

In Corollary 4.7 below, no particular boundedness assumption is made on the transition 
rates of the generator of the birth-death process {X t )t>o- 

Corollary 4.7. Assume that the transition rates X and v are, respectively, non- 
increasing and non- decreasing. If f G Lip d (N) and, further, ||r/||oo < +oo, then for any 

y>o, 

P.CW) - W(*.)] > v) < -,(-5,^-^(1 + |M^)) . 

Remark 4-8. We are not able to extend to the stationary distribution it the two pre- 
vious deviation inequalities as t goes to infinity. This is due to the non-positivity of the 
curvatures of the process (X t )t>o (cf. Remarks 4.2 and 4.5). In particular, it excludes the 
M/M /oo queueing process recently investigated by Chafa'i [4] whose stationary distribu- 
tion is the Poisson measure on N. Therefore, we expect to recover the classical deviation 
inequality for the Poisson distribution by taking the limit as t — * +oo in an appropriate 
deviation estimate satisfied by the M/M /oo queueing process; an interesting problem of 
this nature will be addressed in a subsequent paper. 

Our present purpose is to refine Corollaries 4.6 and 4.7 when the state space is finite, 
in order to establish, by a limiting argument, Poisson-type deviation estimates for the 
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stationary distribution ir. To do so, the crucial point is to obtain positive lower bounds 
on the curvatures in Propositions 4.1 and 4.4. 

Our estimates below may be compared to that established by Houdre and Tetali [9], 
Proposition 4, under reversibility assumptions and without notions of curvature. 

Corollary 4.9. Assume that there exists K > such that the transition rates A and v 
satisfy mm xe{1 ^^ n} A^i - X x + v x - v x _ x > K. If f € Lip d ({0, 1, . . . ,n}), then for any 

y>0, 

F x (f(X t )-E x [f(X t )}>y)<e X p(--r^- log(l + - - 2K J^ ij n7\\ ))■ 

\ 2||/|| L ip d V (1-c 2Ki )U + v\\oo\\f\\u Pd J J 

In particular, letting t — > +oo above yields, under the stationary distribution it, 
tt(/ - tt(/) > y) < cxp (- — jf— log (l + — - 2K l ) ) . 

V 2 ll/llLi Pd V ||A + Hloo||/||Li Pti yy 

Under different assumptions on the generator, we obtain the following, somewhat sim- 
ilar, estimate. 

Corollary 4.10. Assume that there exists p>0 such that the transition rates A and v 
satisfy min a . e { lj ... )Tl _i} min^-i - \ x ,v x+ i - v x } > p. If f e Lip rf ({0, 1, . . . , n}), then for 
any y > , 

F x (f(X t ) - E x [f(X t )\ >y)< exp (-— f log ( 1 + - m ) ) • 

V 2 ||/|| L ip d V {i--e J P t ){Xo + Vn)\\f\\up d J J 

As t — > +oo, we obtain the deviation inequality 

Kf -n(f)>y)< exp ( — log ( 1 + 2f>V ) ) . 

V 2 ll/llLi Pd V ( A o + ^)ll/l|Lip d yy 

As an application of Corollary 4.9, let us recover the classical Gaussian deviation 
inequality for a Brownian-driven Ornstein-Uhlenbcck process constructed as a fluid limit 
of rescaled continuous- time Ehrenfest chains. 

Corollary 4.11. Let (Ut)t>o be the Brownian-driven Ornstein-Uhlenbeck process given 
by 

U t = zqc-* + V2Xu [ C - {t - s) dB s , t>0, 
Jo 

where Zq £ K and the positive parameters A and v are such that A + v = 1 . Then for 
any Lipschitz function f on R with Lipschitz constant ||/||Lip, the classical Gaussian 
deviation inequality holds: 

V Z0 (f(Ut) - W(U t )\ >y)< exp — iy^g ) , y > 0. 
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Proof. Let (Jf") t >o be the continuous- time Ehrenfest chain on {0,1,..., n} starting 
from some x n G {0, 1, . . . , n} and with generator given by 

C n f(x) = A(n - x)(f(x + 1) - f(x)) + ux(f(x - 1) - f(x)), x G {0, 1, . . . ,n}. 

Suppose that lim„^ +00 x n /n = A and define the process (Z") t >o by Z" = (X" — An) / y^n, 
i > 0. Further assume that the sequence of initial states (Zq )„<=n converges to zq. By the 
central limit theorem in Ethier and Kurtz [7], Chapter 11, the sequence (Z™)t>o converges 
to the process (Ut)t>o as n goes to infinity. 

Now, fix n G N\{0}, t > 0, and consider the function h n = f o cf> n , where 4> n is defined 
on {0, 1, . . . , n} by <fi n (x) = (x — nX)/y/n. Then h n G Lip d ({0, 1, . . . , n}) with Lipschitz 
constant at most n _1 / 2 ||/|| Li p. Therefore, we can apply Corollary 4.9 to (X") t > and h n , 
with K = X + v = 1, to obtain, for any y > 0, 

F Xn (h n (X?)-E Xn [h n {X?)} >y) < eX pf--^^logfl 1 



v 2||/|| Lip & V (1-e-^^H/llLip, 
Finally, letting n tend to infinity in the above inequality yields the result. □ 

4.3. A multidimensional deviation inequality for the M/M/l 
queue 

In this section, we give a Poisson-type deviation estimate for a sample of the M/M/l 
queucing process. It is an irreducible birth-death process (X t )t>o whose generator is 
given by 

Cf(x) = X(f(x + 1) - f(x)) + vl {xm (f(x - 1) - f(x)), xeN, 

where the numbers A and v are positive. The existence of an integration by parts formula 
for the associated semigroup, together with a tensorization procedure of the Laplace 
transform, allow us to provide, in Corollary 4.12 below, a multidimensional deviation 
inequality for the M/M/l queue. 

We say in the sequel that a function / : N n — > M is i 1 - Lipschitz if 

/ Lip(n) = SUP ■ L -f ] jj < +00, 

x^y \\x-y\\l 

where || • ||i denotes the ^-norm ||2;||i =X)™=i l z «li 2 G N n . 

Corollary 4.12. Consider the sample X n = (X tl , . . . , Xt n ), = to < ti < ■ ■ ■ < t„ = T, 

and let f be i 1 -Lipschitz on N n . Then, for any y > 0, 



F x (f(X n )-E x [f(X n )}>y) 
< cxp ( — — log ( 1 



2n||/|| L ip(n) V rn(A + i/)||/|| L ip(„) 



(4.5) 
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Proof. Let u be a Lipschitz function on N with Lipschitz constant ||u||Li P (i) and let 
t > 0. Rewriting the proof of Theorem 3.4 for the M/M/l queue yields, for any r > 0, 

E x [e T < Xt) ] <cxp{TE x [u(X t )} + h(T,t,\\u\\ Lip(1) )}, (4.6) 

where h is the function defined on (K+) 3 by h(r, t, z) = t(X + v){c TZ — tz—1). 

To obtain a multidimensional version of (4.6), the idea is to tensorize the Laplace 
transform with respect to the ^-metric via an integration by parts formula satisfied by 
the semigroup (Pt)t>o of the M/M/l queueing process. 

First, observe that we have the commutation relation Cd + u = d + Cu, where d + is the 
forward gradient d + u(x) = u(x + 1) — u(x), i6N. It implies P t d + u = d + PtU for any 
t > 0, which, in turn, yields the integration by parts formula: 

Y t u( 3 ,)Pt(x + l,y) = ^2u{y + l)P t (x,y), xeN. (4.7) 

Let / be ^-Lipschitz on N n . Set f n := / and define, for any k = 1, . . . , n — 1, the function 
f k on N fc by 

fk(xi,. ..,Xk) 

'■= ^2 f( Xl > ■■■'Xk, Xk+l,- ■ .,X n )Pt k + 1 -t k (Xk, Xk+l) ■ ■ ■ Ptn-t^iXn-^Xn). 

Xh+l,...,X n &i 

Let xi,..., Xk-i, y € N. Recursively using (4.7), we have 

f k (x 1 ,...,x k -i,y+l) 
= X! f(xi,---,x k -i,y + 1, Xk+i, x k +2,---,x n )P tk+1 -t k {y + l, xk+i) 

x k+1 ,...,x n £N 

x Pt k+2 -t k + 1 (xk+l,Xk+2) ■ ■■P tn -t n _ 1 (x n -l,X n ) 

= X .f(xi,...,Xk-i,y + l,Xk+i + l,x k+ 2,---,x n )Pt k+1 ^ tk (y,x k +i) 

x h+1 ,...,x n &H 

x P tk+2 - tk+1 (x k +i + l,x k +2) ■ • ■P f „-t„_ 1 (x„_i,a; n ) 



^ f(xi,...,x k -i,y + l,xk+i + l,...,x n -i + l,x n ) 
x h+1 ,...,x n &n 

X P tk+l - tk {y,Xk+l) ■ ■ ■Pt n ^-t n - 2 (Xn-2,X n -l)Pt n -t„- 1 (Xn-l + l,25 n ) 

f(xi,...,x k -i,y + l,xk+i + l,...,x n -i + l,x n + l) 

x k+1 ,...,x n £N 

X P tk+1 - tk (y,X k +l) ■ ■ •Pt n -- L -tn-3( x n.-2,%n-l)Pt n -t n -i(Xn-l,%n)- 
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Hence, we obtain, for any k = 1, . . . , n and any x\ , . . . , Xk-i £ N, 
\\fk(xi,. ■ -,X k -l, -)llLip(l) 

= sup|/ fe (xi, . ..,xk-i,y + l) -/fe(xi,.. .,x k -i,y)\ 

•ySN 

<sup ^2 \f{x 1 ,...,xk~i,y + l 1 ---,x n + l)-f(x 1 ,...,xk-i,y,---,x n )\ 
y eN x k+1 ,...,x n en 

x P tfc+1 _ tfc (y,x fe+ i) • ■ •P tn _ 1 _ tn _ 2 (a;„_2 ! x„_i)Pt n _ tn _ 1 (x„_i,a;„) 
< (n-fc + l)||/|| Lip („) 

<n||/|| Lip(B) . (4.8) 

Successively using the inequality (4.6) in the following lines with the one-dimensional 
Lipschitz functions Xk t— > /&(*, Xk), k = n, n — 1, . . . , 1, and substituting the upper bound 
of (4.8) into the right-hand side of (4.6) (since the function h is non-decreasing in its last 
variable), we have 

E x [e Tf{x ™ ) } 

Xn—1 5 X n ) p^ (x, Xi ) 

ii,...,i„-i£Ni„6M 

< exp{/i(r, i„ - t„-i,ri||/|| Lip („))} 

X X/ ex P{ r /"-l( :Z: l! ■ ■ ■ i x n-l)}Pt n - 1 -t n ^ 2 { •E n — 2 i -En— !)---P tl (x,Xi) 

<exp{/i(r,t„ -t„-i,n||/|| Li p (n) ) + /i(r,t„_i - in-2,n||/|| Lip („))} 

x ^ ^ cxp{r/„_ 2 ( 2 )---P tl (a;,a;i) 
xi,...,x„_ 3 eNx n _ 2 eN 

< . . . 

<exp( ^/i(r,t„_ fe+ i-i„_ fel n||/|| Lip(n) ) J £ c^^P^x,^) 

V fe=l / ziGN 

<expl ^/i(T,t„_ fe+ i -t„-fc,n||/|| Lip(n) ) J cxp< r ^ /i(xi)P tl (x,xi) ^ 

\k=l J { kiEN J 



: cxp ^ /i(t, t fc -tfc-i,n||/|| Lip („))J cxp{ 



rE x [f(X n )}} 

= exp{TE :!; [/(X n )]+T(A + ^)(exp{Tn||/|| Lip(n) }-™||/|| Lip(jl) -l)}. 
Dividing by e TE ^ f< - xn ^ and using Chebyshev's inequality completes the proof. □ 
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Remark 4-13. To conclude this work, note that Corollary 4.12 does not allow us to 
extend the deviation inequality (4.5) to functional on path spaces. Thus it would be 
interesting to suitably refine such an estimate in terms of the increments Ai=ti — 
as Aj — > 0. 
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